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A New Maximum Principle for Impulsive First-
Order Problems

Daniel Franco' and Juan J. Nieto!
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We prove a new maximum principle for a boundary value problem for first-order
ordinary differential equations with impulses at fixed moments.

1. INTRODUCTION

It is often convenient in mechanics and in other branches of science to
consider an idealized extreme in which a force is applied for only an infinitesi-
mal amount of time, but still communicates a nonzero quantity of momentum.
This leads to the concepts of impulse function and impulsive differential
equation.

Maximum principles play a central role in the theory of differential
equations. They are used to study qualitative aspects such as existence,
uniqueness of solutions, multiplicity of solutions, stability, and order of con-
vergence of numerical schemes.

Differential equations with impulses are a basic tool to study evolution
processes that are subject to abrupt changes in their states. For instance,
many biological phenomena involving thresholds or optimal control models
in economics exhibit impulsive effects (Lakshmikantham et al., 1989;
Samoilenko and Perestyuk, 1995). Hence it is of the utmost importance to
develop a general theory for differential equations including some basic
aspects of this theory.

In this paper we study a linear impulsive differential equation and present
a new maximum principle which generalize previous known results.
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2. PRELIMINARIES
We consider the following linear problem:

u'(H) + Mu(v) = o(v), t+ 4 teJ=1]0,T]
(LP) Ju(ti) = cau(te)
u@) =u(T) +pn

where L, u eR,0=ts<n<.. <, <tprnn=TaeRk=1,...,p,
and o: J — R is such that ¢ is continuous for ¢ # #, there exist the limits
o(tx) = limy_0~ o(tx + h), G(l}j) = limj,_0* o(& + h), and o(¢;) = o(t)
for every k=1, ..., p.

In order to define more precisely the concept of solution for the problem
(LP), we introduce the following spaces of functions:

PCJ) = {u:J = R; wiy ) €C (1, tx11)), k=0,1,...,p,
Fu 0, u(T7), u(ti), u(te), and u(ty) = u(t), k=1,..., p}
and
PC'\(J) = {u € PCU )t 105 € C' (1, tr1)), k=0, 1, ..., p,
Ju'(0%), ' (T7), w'(ti), and w' (i), k=1,...,p}

PC(J) and PC'(J) are Banach spaces with the norms
lullpccr = sup{lu ()l t € J}
and
lullpc' oy = lullpey + lu'llpcw)
Note that
lullpcwy = supilludicans £ =0, 1, ..., ph, ke = uiy, Ji = ik, bet1]

and, in this sense, PC(J) is equivalent to [I7—y C (Jp).
By a solution of problem (LP) we mean a function u € PC'(J) satisfying
the conditions indicated in (LP).

In the nonimpulsive case, that is, if cx = 1, &k = 1, ..., p, then
u(tif) = u(ty) and u € C[0, T]. It is well known that (LP), has a unique
solution for any ¢ € C(J) and u € R if and only if A # 0.

In the case A = 0, the problem is solvable if and only if /§ o(s)ds =
0. In such a case, there is an infinite number of solutions. In other words,
the only eigenvalue of u’ with periodic conditions is A = 0 (the eigenfunctions
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being constants). We have the following maximum principle depending on
the sign of A # 0.

Theorem 2.1. Consider the problem (LP) with 6 € C(J) and C, = 1,
k=1,...,p:
l.Ifo=0inJand p = 0, then

A>0=>u=0
A<0=>u=<0

2.Ifo=0inJand p < 0, then

A>0=>u=<0
A<O0=>u=0

This maximum principle is essential for developing the monotone itera-
tive method, a powerful theorical method, (Ladde et al., 1985), which permits
us to construct a sequence of approximate solutions converging to a solution
of the nonlinear problem

u'(t) = f(¢, u (1)), teJ
u(0) = u(T)

In the impulsive case, (LP) is not always solvable (even if A # 0). See the
examples in (Nieto, 1997). The next result gives precise information on
the eigenvalues in the impulsive case. It also gives an explicit formula for
the solution.

Theorem 2.2. (LP) has a unique solution for all 6 € PC(J) if and only
if Ty o # ™.

Moreover, in this case and for A # 0 the solution satisfies the following
equation for every ¢ € [0, T7]:

T P -\t
(o = J 80, 9006) d5 + 3 g6 1)(e = Dule) + TR @)
0 = e
where

1 e MY if 0<s<t=<T
———;{ (2.2)

glt.s) =17, e TMT+=9) if 0<t<s=<T

Proof. Let u(0) = up. With this initial condition and the two first equations
of (LP) we have a Cauchy problem which is solvable and it has a unique
solution u for each uo.
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Using the variation of parameters theorem for systems with impulses
(Theorem 2.5.1 in Lakshmikantham, et al., 1989), it is easy set up the
following expression for u(f), t € J:

i

u(?)=e u(0) + J

Mo ds+ S e @ Dut) (23)
0 {07 <t}

In particular, for + = T we have

u(T) = u(0) kf[‘ ce M+ Jfl kf[‘ cxe MT96(s) ds
L o ke

n p T

11 cie M0(s) ds + ...+ J e Mo (s) ds (2.4)
1 =

Ip

Now, a solution of the Cauchy problem will be a solution of (LP) if and only
if satisfies the boundary condition u(0) = u(T) + p. Then, by (2.4),

p nop
(1 - k]_[‘ cre ”)u 0) =p + k]_[‘ cxe M I6(s) ds
L o k=

T

L p
+ J kHz ce M o(s) ds + ...+ J e MT™95(s) ds
=

1 ip

Thus, for every ¢ € PC(J) there exists an initial condition u(0) satisfying
the boundary condition if and only if

’ AT
k]_[ ckF e
=

Now, for A # 0 we have

~MT—s) o M=)
_ LL e o(s)
u(0) = v + L v ds + kzl v (cx — Du (%)

and substituting this value into (2.3), we obtain the relation (2.1). m

Remark 2.1. For A # 0 and u = 0 it is proved in Franco (1997) and
Nieto (1997) that u € PC'(J) is a solution of (LP) if and only if u satisfies (2.1).

Theorem 2.1 was partially generalized to equations with impulses in
Lakshmikantham et al. (1989).

Theorem 2.3. Consider the problem (LP) with A > 0,6 = 0 in J, ¢x >
0,k=1,2,...,p,u=0,and [[f= cye ™ < 1. Then u(r) =0, 1 € J.
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But in this result there is no information about the sign of u when either
L <o0or B e < 1.

We now define the operator L: D (L) — PC(J) by

L)) = u'(0), t # &, Lu)(n) = u'(tx), k=1,...,p
where
D(L) = {u € PC'(): u(ti) = e, k=1, .., p,u(0) = u(T)}
We observe that the problem (LP) with p = 0 is equivalent to the abstract
equation
Lu = o, u € D(L)

Theorem 2.3 can be seen as a sufficient condition to assure that the operator
(L + AI) is inverse positive, that is, (L + AI)(x) = 0 on J implies that u =
0 on J.

Now, we introduce some definitions and results (Berman et al., 1990)
that we will be useful in the following sections.

Definition 2.1. A real p X p matrix Q = (g;;) is said to be monotone if
Ox = 0 implies x = 0, x € R’

Proposition 2.1 Let Q = (q;) € M px,(R) such that ¢; < 0, Vi # ;.
Then the following two conditions are equivalent:

1. Q is monotone.

2. Every principal minor of Q is positive.

The following result gives us an important inequality for piecewise
continuous functions. It is a particular case of Corollary 1.4.1 in Lakshmikan-
tham er al. (1989).

Lemma 2.1. Let s € Jand let u, a € PC'(J), . € R, and ¢, = 0, k =
1, ..., p, constants such that

() u' () = a@u(r) tels,T), t+ &
u(tih) < cu(n), €[5, T)
Then we have for t €[s, T)

u(® <u(s") ] exp[Jr a(z)dz:| (2.5)

(i) u' (&) = a(Du () tels, T), t+ &
u(tl) = cu(t) t €[5, T)

Then we have for ¢ € [s, T') the reverse inequality of (2.5),
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u(ty =u(s) [ o exp[Jra(z) dz:|

3. MAXIMUM PRINCIPLES VIA MONOTONE MATRICES

In this section we explain how to use monotone matrices to obtain a
maximum principle for (LP).

Lemma 3.1. Consider the problem (LP) with 6(f) = 0, t € J, and p =
0. If A > 0, and u is a solution of (LP) such that u(¢;") and wu(¢;) are
nonnegative for j = 1, ..., p, then u = 0 in J.

Proof. Let s € J such that

u(s) = miJn {u()}

Suppose that u(s) < 0 (obviously s # &%, k = 1, ..., p). We first suppose
that s = T. Then there exists s; € [#,, T) such that u(si) = 0, u(f) <0, ¢
€ (s1, T]. The mean value theorem implies that there exists s € (s, T)
such that u'(s;) < 0 and u(s2) < 0. But in this situation we obtain the
following contradiction:

0> u'(s2) + Au(s2) = o(s2) =0
Now, if s = 0, then s = T since u = 0. If s € int(J), then u'(s) = 0, and
0=<u(s)+lu(s) <0
which is impossible. m

Remark 3.1. Lemma 3.1 is a maximum principle, but it is not practical
since it is necessary to know a priori the values of the function u at some

fixed instants #, t, ..., f,. On the other hand, if ¢x > 0, to guarantee that
u(t?) and u(rx) are nonnegative for k = 1, ..., p is sufficient that u (%)
are nonnegative for k=1, 2, ..., p.

Suppose that A > 0, u = 0, and ¢ = 0. By Theorem 2.2 we know that

p

u(t) — ; g(t, t)(c; — Du(t;) = 0, teJ

For the impulsive instants we obtain the following p inequalities:

p

u(t) — ;g(l,-, H)(¢; — Du(y) = 0, i=1,...,p (3.1)

We define the vector u = (u(t1), . . ., u(t,))" € R’ and the p X p matrix
0 = (qi) by
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1 — o ~MTHi—1) (¢ — 1) ifi>j
. e

g7 = 17— orq 17 le—De T e
— o M r,)(cj -1 ifi<j

Note that off-diagonal entries of Q are nonpositive and therefore Q is
under the conditions of Proposition 2.1.
With this notation, it is clear that (3.1) can be written as

Qu=0

If we prove that Q is monotone, then we have that u = (u(t1), . .., u(5))"
= (0 and we can apply Lemma 3.1.
It is easily seen that the s X s principal minor of Q is

s

1 _
MS(Q):I—e”(l_kl:Lcke ”), s=1,2,...,p

It is positive if and only if [Ti=; ¢x < e™ since A > 0. Now, suppose that
ce>1,k=1,...,p. It follows that all the principal minors of Q are positive
if and only if det(Q) = M,(Q) > 0, and this is equivalent to the condition

p

k]_[ o < e
=1

Now, we can use Lemma 3.1 to obtain that u(f) = 0, r € J. Thus, we have
just proved the following result.

Theorem 3.1. Consider the problem (LP) with A > 0,0 = 0 in J, ¢x >
Lk=1,2..,p,n0=<0,and [F= cte ™ > 1. Then u(r) = 0, ¢ € J.

Remark 3.2. Note that the sign of A is a crucial factor to prove the result
of Theorem 3.1. If one tries to generalize this result to the case A < 0, then
it is not possible to employ a similar method.

The result of Theorem 3.1 is weaker than the conclusion of Theorem
2.3 due to the conditions imposed on the constants ¢x, k = 1, ..., p. We
include it in this paper because with it, it is easy to see that, for A > 0, the
condition IT{=; cxe ™ < 1 is also necessary for the operator (L + A[I) to be
inverse positive (see Theorem 3.1 in Liz and Nieto, 1998).

Theorem 3.2. Let A > 0. The operator (L + Al) is inverse positive in
D(L) if and only if TTj—; cre T < 1.

In view of this and Theorem 2.2, it is clear that the meaningful factor
to set up the sign of a solution of (LP) is the sign of IF= cie R
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4. MAIN RESULT
We present a new maximum principle for (LP) which depends only on
the sign of

p

k]_[ e M —1 4.1
=

Note that in this case the sign of A is not important (compare with
Theorems 2.1 and 3.1).

Theorem 4.1. Consider the problem (LP) with ¢x >0, k=1, ..., p:
I.If 6 =0, and p = 0, then
(

P
k]_[ckefw<1:u20
=)

<7 AT
k]_[‘cke >l=>u=0

2.Ifc£0,andp£0,ﬁ1en

fp
k]_[ckefw<1:u£0
=)

<7 AT
||cke >l=>u=0
=1

\
Proof. We present only the proof of part 1, since the justification of part

2 is analogous.
By Lemma 2.1, if u € PC'(J) is solution of (LP), then u satisfies

u(®) = u) J] cre M Yeeld 4.2)

{kg<t}

We contemplate two different cases depending on the sign of (4.1):
(i) [I7=, cxe ™ < 1. By (4.2), it is sufficient to prove that u(0) = 0. If
u(0) < 0, we obtain that
P
u(0) = u(T) = u(0) k]_[ ce M > u(0)
=

which is a contradiction.
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(ii) [Tf=1 cxe ™ > 1. Hence, u(0) < 0.

To see that u = 0 on J, suppose that there exists s € J such that u(s)
>0.1f s = ¢ for some j € {1, ..., p}, thenu(s") > 0and u(s*) > 0. By
Lemma 2.1, it follows that

u®=u(s) [ e M7 Vit>s
{les<p<t}

In particular, for + = T we have

u(@ =u(s) [[ ce ™ >0

tes<tih
This proves that u(7") > 0, and in consequence,
u(T) > u(0)
which is imposible since p =< 0. =
We obtain the following consequence, which generalizes Theorem 3.2

Corollary 4.1 The operator (L + AI) is inverse positive in D (L) if and
only if ITf—; ¢re ™ < 1.

It is easy to generalize Theorem 4.1 to the following problem

u'(H) + Mu(r) = o(p), t#F yteJ=10,T]
(P Ju(ti) = L(u (1))
u@) =u(T)+pn

where A,  eR,0=0n<n<... <t <ty =T, and It R > R, k =

1,...,p,satisfy that there exist constants cx >0, k=1, . . ., p, such that either
Li(x) = cpx, xeR (4.3)
or
I(x) < crx, xeR (4.4)

Thus, we have

Theorem 4.2. Consider the problem (P):
I.If 6 =0, u =0, and (4.3) holds, then

fp
k]_[ckefw<1:u20
=)

P
k]_[ckefw>1:u£0
=)

2Ifo=0,p =< O,Snd (4.4) holds, then
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fp
kl_[lckefﬂ<1:uS0

P
k]_[ckefw>1:u20
=)

\
ACKNOWLEDGMENTS

The research of J. J. N. was partially supported by DGICYT (Spain),
project PB94-0610, and the EEC project grant ERB CHRX-CT94-0555.

REFERENCES

Berman, A., Neumann, M., and Stern, R. J. (1990). Nonnegative Matrices in Dynamic Systems,
Wiley, New York.
Franco, D. (1997). Periodic solutions of impulsive differential equations, Master dissertation,
Departamento Andlisis Matematico, Universidad de Santiago de Compostela, Spain.
Ladde, G. S., Lakshmikantham, V., and Vatsala, A. S. (1985). Monotone Iterative Techniques
for Nonlinear Differential Equations, Pitman, Boston.

Lakshmikantham, V., Bainov, D. D., and Simeonov, P. S. (1989). Theory of Impulsive Differential
Equations, World Scientific, Singapore.

Liz, E., and Nieto, J. J. (1998). Positive solutions of linear impulsive differential equations,
Communications in Applied Analysis, 2, 565-572.

Nieto, J. J. (1997). Basic theory for nonresonance impulsive periodic problems of first order,
Journal of Mathematical Analysis and Applications, 205, 423-433.

Samoilenko, A. M., and Perestyuk, N. A. (1995). Impulsive Differential Equations, World
Scientific, Singapore.



